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V¢ and V¥ of the second player, and the strategies V., and V* of the second player
replaced by the strategies [/, and UU* of the first player, This is equally applicable to
Theorem 3,2,
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The accuracy with which a nonlinear control system with lag reproduces an arbitrary
action belonging to a certain class of functions is examined, The maximum errors aris-
ing in reproducing the action and their dependence on the parameters of the controlled
object, and on the law of control used, are estimated,

1, Statement of the problem, Consider a closed system consisting of a
controlled object and a regulator, The purpose of this system is to reproduce , using the
initial value of the object y (), a previously unknown controlling action Z {#) whose
rate of change z (t) = g (8), ifP BH<<m, =z (0) =0 (1.1)

is bounded, belonging to the class of functions #, The quality of performance of the
system, which is at rest at ¢ < 0, will be characterized by the maximum error

Emax () = max|e(®)|, e{)=z () —y(?) el (1.2)
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and the quantity i
oo = lim epax (t) (t — o)

This is therefore essentially the same problem on accumulation of perturbations inves-
tigated in [1, 2],
The behavior of the controlled object is described by the following differential equa-

o ™ (1) + oo enma y" () + 4 () = u(t—7) (1.3)
yO = =y 20 =0 u(t)=0 (~r<a<0 (1.4)

The controlling signal u (¢) is modulo bounded by the constant w4, Direct feedback
u) =ke®(le@| <), w@) =usignke) (le@)>%) (1.5)

is used as the law of control realized by the regulator,

Equations (1, 3) and (1. 5) describe the behavior of a closed, astatic servomechanism
with lag and a bounded nonlinearity, The structural scheme of this servomechanism is
shown in Fig, 1, where Fy (p) is the transfer function of the object

—pr Y (p) — = I T :
Fl(p)'-'-—-—é—(’s“:‘——U—(I;;)‘y Q—-—PL» L(p)-a-(«'op 1+~ +cﬂ~2p'7_1 (1'6)

Functions Y (p) and U (p) are Laplace transforms of y (#) and u (¢).

The upper bounds for €. are given below, showing the dependence of these estimates
on the parameters u,, m, T, & and on the distribution of zeros of the polynomial L (p)
this distribution being assumed to be known, This assumption is justifiable, since an
open gystem often contains a series of ele~

b

/zal;.— ments joined in a sequence and described by
z ¢ /4 u i i low, first- or second-order equations,
- —ﬂ;a, L The present problem is one of pursuit, in
: which the distance between the pursued and

the pursuer is defined by the function & (f).
The quantity e, (¢} is not zero even for
up > m and the initial conditions (1,1) and
(1. 4) hold, since the pursued object is "inertialess”, i, e, it can attain its maximum velo-
city m instantaneously, while the pursuing object has inertial properties determined by
the distribution of zeros in the polynomial L (p). The law of control (1, 5) chosen is not
optimal, It is however widely used in practice for its simplicity of application, since the
information of higher derivatives which is difficult to obtain, is not required, Neverthe-
less, &,, can be sufficiently small, provided that the controlled object has desired dyna-
mic properties,

From the stationary state of the system it follows that &max (£) <C €0 If 84 << Ugk ™,
then by (1. 5) the closed system behaves as a linear one and can be described by the
equation

ey (t) + oo+ aa ¥ O+ Y @)+ Ry (t — 1) =kz (¢ —7) (1.7)
yEy=z() =0 (—r<ux0), yOy=..-=ymV{0)=0
Theorem 1, 3 gives the estimate for £,5ax (f) and &q in a linear system, If this

estimate exceeds uyk~', it cannot be guaranteed that the system satisfies (1, 7), and in
this case Theorem 1.1 must be used, the latter containing an estimate for €0 in the

Fig. 1
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nonlinear system (1, 3) and (1, 5).

The estimate of &, (¢) for linear systems without lag is given in [3, 4], Estimates of
nax (8) for linear systems with lag were given by the author in his communication at the
Second All-Union Conference on the Theory of Equations with Deviating Argument,

Let us assume that all zeros p;of the polynomial L (p) arranged in order of decreas-
ing real parts satisfy the conditions

pi=—o; (141, o;>ae2>0 (1.5)
(]’:—_1,...774——1)
% =a,, max|p;|=yp,

In the theory of automatic control the quantities a4 and iy denote the degree of stabi-
lity and the oscillation of L (p), respectively,

Theorem 1,1, In a nonlinear system with lag (1.3) and (1. 5) the maximum error
€e does not exceed

e <Gy =Uu, {Ic’1 + (@) [ D, + 2vayy +1) Dy — 1+ muy,™ —
_ <1 . _r_n_) In Do+ 2D e™™ — Dy J} (m < o) (1.9)
Up

1 — mug™?!

Boo < Go = Uy (K" + (ag7) 1 [Dg + (2vayy + 1) D11} (m =uy)

g, =00 (m> u)
Here

Dy =Dy (1 —7) (22 —aen)™)* (@25ad, D= Dyl (2=2)
(1.10)

n—1
1—7 1/1 T o, — aoY a0 (1 —7)
D, == I S, p= 2o —7)
=1

B] - o; ’ *= Oz — Qo
The following alternatives are possible: (1) at least one real zero of L (p) is present
on the line Rep = —q, (1.11)

and (2) no real zeros are present on the line (1,11), The correspnding values of the
relevant quantities are;

n—1 n—1
1) D, = _2‘_7— Mv, @ Dy=—~ v o>y
i=2 i=s (1.12)
(1) Dy = %’_;; (2) D°=—2L’\'— (n=3), Dy=Dj=1=1 (r=2)
14u? \th 1+p2 \%
v; = (—;—y-'%—) (“"‘,I)B,)v 'Vj= (}Ijzl_"_’%]i') (l L"]|<B])
107

(1.13)
re= (4 pd) 2 11 —9)2 — ¥ — p? + ((1=2v) + 2p2 (1 — ) +
+ ) 4 Y 0 <y << (1 + V2

where 7 is an arbitrary number,
Note, Estimates of ey in the first order (n == 1) equation can be obtained from
the estimates for n = 2 by going to the limit ¢, — oo
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b0 U (K T £ muy )] (<), emm oo m>uw)  (144)

Proof of Theorem 1.1 is given in Sect,2. From (1, 9y and (1,13) it follows that when
the degree of stability @, of L (p) is large, the oscillation [, is limited and the lag 1
is small, the maximum error &y can be made small by choosing a sufficiently large k& .
The quantities ay, Wy, T define the dynamic properties of the object,

Let us now consider the estimation of &max (¢) in the closed linear systemn (1, 7), The
quantity gy, (¢) depends on the degree of stability §* of the quasipolynomial N(p)
corresponding to Eq, (1, 7)

N@) = Q(p) -+ rev, 8 = min; (—Rep*), N (p*) = 0 (1.15)
Let us find the least degree of stability of /V (p) that can be attained for the chosen

value of the amplification factor .
Theorem 1.2, Let the amplification factor % satisfy the condition

E=MA|Q(~ 8 |exp(—01), (A<A<h) (1.16)
Then the degree of stability 6* of the quasipolynomial V (p)is greater than
8=y (26,7, (0) VALWE — 1 4 )2 (1.17)

where &, is the least root of the quadratic equation

—1
—1 A A )
@) =1, nE=u+ i , Ty= m.;l $—_ W"‘aHAj

an— 3 aeg :
0 j=1

(1.18)

2 2
. y,} +‘?/_’i

X )

ra S Y
Ao>>0 and A, > 1 are arbitrary numbers,
Corollary, Function y, {3) in(1.18) can be replaced by

7:.(2) =1 -+ q ; +2 C{.iag (1.4%
7

dyg—— 2

where ¢ is the number of zeros of L (p) lying on the line (1.11) and the sum is taken
over all remaining zeros of L (p).

When L {p) has zeros at a large distance from the line (1, 11), the estimate based
on the corollary may be found to be more accurate,

The proof of Theorem 1,2 is given in Sect, 3, The condition that A & [1, A4} is also
justified by technical considerations, since it is difficult to maintain & at the required
value with sufficient accuracy,

The greatest attainable degree of stability §fax of N (p) is easily defined for a first
degree equation at any value of 4. Let us compare this value with the estimate obtained
from Theorem 1.2 for A, = 1

=1 = 11~ = 9p-lg-1 (k = 2g-lg-le-27
Ofax = (k = 77171, 8§ = 2n-t (k = 2n~ltte-27)

Approximate methods for investigating the distribution of zeros of the characteristic
polynomial of a closed system relative to the amplification factor % , using the root
hodograph were employed in e, g. [5], For systems with lag similar methods were used
in [6], Upper bounds of the degree of stability attainable are given in [7, 8],

Using Theorem 1,2 we shall give the estimate for €max (f) in the linear system(1.7).

Theorem 1,3, Ifthe amplification factor & satisfies the condition
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k=MQ(—08)]et (<P h Rl h) (1.20)
then we have, in the closed linear system (1. 7),
emax (1) < m (@d)™1 Gy (1 — e7®), fo << m (WO)1 G, (1.21)
Here § is defined in Theorem 1,2,

.= Int+a+ h2)'lz) (1412 (/2 — arc tg )
| =

Ry Vst o) e —1
__arccos (611 (9)) * 62 (1-22)
= e 0 e

J
The sum in (1, 22) is computed over all real zeros of L (p)

Ry=(1—MhY) (Ds<1)y Ro=(1—-MYHERDs'— D™

n—1 N
A (A — 1) C - 1 1 1
D= el o= (5 2?——«»‘) (1.29)

The proof of Theorem 1, 3 is given in Sect, 4, In Theorems 1,1 — 1,3 the arbitrary
constants y, A, A, have been chosen so as to minimize Gy; this however yields very
unwieldy expressions, It can be shown that for ¢y — oc, T — 0 and bounded Mo ,
Emax (¢) and €x both tend to zero,

Let us now consider briefly a law of control more complex than (1, 5)

u="hko (vi<ul/k), u=ugsignv (vI>udk), ©v=rt ke

Usually "the correction in velocity” is introduced in the linear closed systems in order
to improve their dynamic properties, If e, g, v =- 0 and the polynomial L (p) has a real
zero p; = — Qg which is nearest to the imaginary axis, it is expedient to set k; =
= @a,71, The factor a,~* p -+ 1 appearing in the numerator of the transfer function of
the open system cancels in this case with the corresponding factor appearing in L (p).
This enables the degree of stability of the closed system to be increased through Theo-
rem 1,2 and the estimate of the largest accumulated error to be reduced by virtue of
Theorem 1, 3.,

The problem of the influence of the correction in velocity” on €% when the control-
ling signal is restricted remains unsolved, It can however be shown that Theorem 1,1
remains valid in this case, When k, is chosen such that k;p + 1 is one of the factors
of L (p), Theorems 1,2 and 1,3 are also valid, and the system will remain linear as
long as

Voo S UK, Voo = limmax|v ()|l > o0, zEF)

2, Estimation of the maximum error in a nonlinear system, This
involves the proof of Theorem 1,1,

A. Apply the Laplace transformation to the second equation of (1.2), T iking (1.1),
(1. 6) into account we have

E@ =X —Y@=p'0{p —@L{E)ter Up
Employing the theorems on convolution and integration of the original {-mction gives

e T
rL(p)’

The symbol = denotes the correspondence between the original function and its

e()=\19 () —s1(t—wyu(@)ldn, si()= PO=D (p) .1

ce~
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Laplace transform, Let
u u
e(a) = '7;2 v e() 2 "‘EO‘ (tea,cl), e(b)=max,e(l) (tE[a,c]) 2.2)

From (2.1), (2.2), (1. 5) it follows that
u(t) = ug (t < la, b
1 : ¢
e <mb—a) 4 uo{",‘;‘“‘Sh(b—fl)dtl—}-S’31(5—11)——31(5—~l1) jdi } (2.3)
a 1]
Let us obtain a lower bound for the second term and an upper bound for the third term
in the braces of (2. 3). From (2.1) we obtain
s@=1+a®, a@®=QpE=(Lp F)7 —p (2.4)
The following estimate which is valid for @ {¢) will be proved in Subsection C so as
to avoid interrupting the present argument
[q1(0) | < e (Dy 4+ D1 (€% —1)) >
[ 010 [ <& (Do + Di (™™ — 1)) tosceo)

The quantities a9, y, Do, Dy appearing in (2, 5) have been defined in Theorem 1,1,
Let us assume that

(2.5)

b—a >, b >, a>T (2.6)
Using (2, 5) we obtain
b—a
Do -agr(b- , D —14) .
s()dt>b—a—os(l—e aa¥( ”)——TDITW @7
o
We now turn to estimation of the third term in the braces of (2, 3)
a b
Jy= §|sl (@ —t1)) —~s1{b— b)) dty = S [s2(2)|dz, sa(@)=s1(z—b+a)—m(s) (28)
b—a
¥ 6= =g, (=T g e
32(“)‘:““' (P P p “‘L(P)“—g y P M—T_ -
By the convolution theorem we have .
n0)=\g6c—2vEdn
1]
From the Laplace transform of ¢ (z;) follows
Y= —1 O<a<b—a), W a)=0 (a>b—2
Hence
b—a
n@=— \ g—mdn (z>b—a) (2.10)

From (2. 9) we obtain 0
g =1(¢—1 (>, g(@ =0 (1), 1z =L (p
In Subsection B we quote the following estimate ;
1 L) | < Diagye™™"
Using this estimate and (2, 10) we obtain
|92 (2) | < D1 (2709 _ 1) ¢ %YF (2 >b—a+7) (2.11)
[2(2) | K Dy (" — ) (b—a<<2<b—a+T)
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Relations {2, 8), (2.11) yield the estimate
—agv{b—a) __ ,~Gevb ~aYa __ —
uods < uplhe ™Y {xewﬂ"’ _f ¢ +e i aﬂw} (2.12)
aog '
Let us insert the right-hand terms of (2, 7), (2. 12) into (2, 3), Since
e._a‘,vb o e=-%Ye < 0’

b—a=n
we find that

(2.13)
-§ 14 D D e=Go¥ ™
e ()<< D1 = ug {—k_ 2 + y + 2tDi 4+ [D1— Dy — 2D1e™" | { — (up— m)n
The function ®; (n) reaches its maximum value at the point
n* = (aoy)™ In [uo (Dy — D1+ 2D16™7) (ug — m)-1]

Inserting M* into (2.13) we obtain estimate (1, 9) for € (b). Since the right-hand part
of (1. 9) is independent of ¢, and & () reaches its maximum value on the interval [a ¢}
at the paint b, (1, 9) yields the estimate for ex-

In the above discussion it was assumed that conditions (2, 6) are satisfied, Using simi-
lar methods for the remaining cases it will be seen that the case just studied gives the
largest value for the right-hand part of (2, 3).

B. Estimation of | I (#)|. . n—1
L= = P i = —aj (1 +ip
I L m—p pj il +ipg)

From (1. 8) it follows that Re py = —a,.

Let us set the notation
X =1ppa] (@2 — @)™t (€ — %), 1y () = papa (p — p2)t (p — Pt
The convolution theorem yields
M ha (] <x (@) e << (2.14)

Now replace the right-hand side of (2,14) by its maximum value, Taking into account
(1.10) we have

—&oYT
*

1he| < A1 | papz] (BaBaoiiciy)~te hi=ao (1 — y) (a0 (1 —¥) (@a— ao7)"Y)* (2.15)

Using this estimate and the convolution theorem we obtain the following inequality
for l lm(t) I 3

ha(t) :H piipj v s ALRAL ‘P3’ S | ha () | ebigy < H lP?S hyem ottt
ajbj

i=1

i=1
Repeating the above procedure successwely we arrive at the estimate
n—1
[Laawi=iio< ] “’gf h1e~%"* = Dyagye~tet (2.16)
%jR

j—1

If a3= ao, relation (1,10) is obtained by passing in (2, 15) to the limit at as - a,,
If »n= 2, we have 1 (t) =- p1 (P - Pl)_ly 1 (t) — aoe_ﬂo!J Dy = v = 1

C. Estimation of | ¢ () |. From (2. 4) it follows that

n=0E+&E, G=0CELENT'—-p1=a@), G=LT0 =g 217
Q. =E" —DNp'=q (1) ¢, 0=~1 O0<t<1), @)=0 (>

Using the convolution theorem and taking into account (2, 16), (2,17) we obtain
lga <Dl —e ™) (0<i<T), a5 | <DL (™™ — 1) e gory  (2.18)
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Since Q2 (p) has no poles to the right of the line (1, 11), the inversion theorem yields

c - n—1
et m (0) Valt + o (— a0t + i) |71
<" im S 1) ¥ T do, m= I Sl e ) B T
] ge [\ D0 oo R (a0*1® + @?) 3‘1;11 1 e ( )
At least one zero of L (p) lies on the line (1,11), Considering the case p1 = — @
we have Va3 0 | pr4ait — i [ 1< vty (2.20)

The coefficients of the function my(w) corresponding to the real zeros of L(p) are esti-
mated from above by the quantity v;, and the coefficients corresponding to complex
conjugate zeros of L(p), by the quantity v;* where vj is defined by the formula (1,13).
This can be easily verified by direct computation of the maxima of these coefficients,

If no real zeros of L(p)lie on the line (1.11) then at least one complex conjugate
pair of zeros p;and p..lie on this line and we have

Vady? + 02 (| p1 -k aoy —i0| |pa +- aoy — i0 )< (0<y< (1 + V2)7)(2.21)

The value of ris given in (1,13) and is obtained by calculating the maximum value
of the left-hand side of (2,21), Inserting the estimates for the coefficients of m (0) and
(2.20) or (2,21) into (2,19) yields net -

L2 (1) ] <D0e_“°”, (1) Dg == _1_ H vj, (2) Do = n vj (2.22)
2y Py 2y i3

Adding the inequalities (2,18) and (2. 22) yields the estimate (2, 5) for | »1 (9],

3, Estimation of the degree of stability of linear systems with
llg. This involves a proof of Theorem 1,2,

The argument principle [9] implies that the necessary and sufficient condition for all
zeros of the quasipolynomial N(p) to lie on the left of the straight line Rep = — &
is given by the following equation for the increment of the argument of the function

N@): Aarg N5 (0) = Yont  (0<o<ss), Ns(@) =N (-85 L io) (3.1)

Suppose that a value o, > 0 has been found for some § = (0, @,) such that the
amplification factor k satisfies the condition (1. 16) of Theorem 1.2

Im Ny (@) >0 O<o<on, ImQs@) >0 (0<0<a)
(3.2)
[Qs (@) [ =M ] Qs (M) (0>, Qs (0) = Q(— 8 4 i)

Under these conditions the equality (3,1) holds and the quantity § will be the lower
bound of the degree of stability &* of the quasipolynomial V(p). Indeed, we find that

A arg Ng (0) = Aarg @5 (») + Aarg N5 (0) Q57! (o)  (3.3)
holds on any interval of variation of w.
Since the degree of stability ayof the polynomial L(p) is greater than d and Q =

= pL (p),then n — 1 zeros of Q (p) lie to the left of the line Re p = — & and
the remaining one p = 0 ,to the right, Therefore
Q5(0) <0, AargQs (@) ='y(n—2)n O <o) (3.4)

By condition (1,16) of the theotem N (0) >> 0, consequently taking into account
(3.2) we find that the point
D == Ns (o) Q57! (0) == 1 4 ke C3+io)r Q51 )
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lies in the lower semiplane for any © ~> ©,. In addition, by (3, 2) and (1. 16), point D
lies in the right semiplane and tends to the point (1, 0) on the real axis as ® — oo .
This implies that Aarg Ns (0) Q™ (0) = O<o<x) (3.5)
Equations (3, 3) — (3. 5) yield (3.1).
To obtain the quantity & for which conditions (3, 2) hold, we denote

Qs (0) = ps (0) €7, k= Aps (O)e™> (1 <A<M) (3.6)
The first condition of (3, 2) is equivalent to the inequality
ps (@) sin @5 (©) > Aps(0) sin @t 3.7
Since
d = (0, ay), Q (p) = pL (p)
we have
@y = — %t — arc tg wd7! 4 s, Ps = arg L (—8 + i), ¥5(0)=0(3.8)
It can easily be verified that the inequality
n—1
1 —1
W< o5 <53 (3.9)
=1

holds for any value of ®
If the condition
0<m@®) <1, @) =nu+@m—1) (g -

Tl - JT‘IT?»I / 2 + 7\,,,(10"1 (3.10)

where A, is an arbitrary nonnegative number, holds, then from (3, 8), (3. 9) we have that
sin @5 > sin 1@ >0 <o <o, =17y (8) arc cos dy,(8) < m/27,)

i, e, the second condition of (3, 2) is fulfilled, Since (3-“)
sin 1,0 > 20:1 (wes10,0:]), Aes[i,M], su;x <1 (x e (0, T“))

the inequality (3, 7) is fulfilled automatically, provided that
pp(e) ™0 >1, ol 0, (3.12)

Let us denote
ps (@) ps 2 0) =T, @ H, @) =1, (3, z=0? (3.13)

In this equation I'y(z) combines all the coefficients corresponding to the real zeros
of Q (p),and H;~! (z) combines the coefficients corresponding to the complex zeros
of @ (p). Discarding the terms which contain z in higher than the first order in the
polynomial I'; (2) with positive coefficients, we obtain

M >TE) =1+k* b=+ —@—1_—5)7 (3.14)

where the sum contains the terms corresponding to the real zeros of L (p).
Every coefficient h; (2) of the function H, (2) corresponding to a pair of complex
conjugate zeros of L (p)is bounded from above by the function
by =14k (0<z<z=A—-1Dk™)
by (2) = A (2> 32)) (3.15)
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If the curve A; (z) has a maximum, then the horizontal part of the polygonal line
b; (z) touches k; (z) at its maximum while its inclined part not only touches k; (2)
but has with it another common point z = 0. If h; (2) decreases monotonously, b; (z)
is parallel to the abscissa, It can be verified that the coefficients k; and 4 ; decrease
with decreasing 8. From (3,10) it follows that § < 9,, the latter being the smallest
root of (1, 18). For this reason we set & = &, in the expression for kjand 4;

=0 0<p;<y) k=025 ;%% (n;>V3y)
Ep =2t —y A FyA? <p < V)

The quantities ¥; and A4 ; are defined by (1, 18), Replacing the coefficients h; (z) with
their upper bounds given by (3,15) yields an upper bound H, (z) for H,(z). If the deri-
vatives b’ (z) are replaced in the expression for H,” (z) by their maximum k2, we
obtain

H@<HGE, H@=1+kz (<zp= (W —1) k"

n-—-1

k.
H(z) =W (2> 1), ko=w* [ - (3.16)

j=1 i

Taking into account (3, 14) and (3,16) we find that (3,13) yields
L@ >TRQH*@=I1z>0-+k*2)/ wt (3.147)

Let a value of 8 be chosen such that the inequalities
I'(®>0 (z>0), I(z)>M 2= o) (3.18)
hold, Then

I(z) > M (22> 2) (3.19)

It can easily be verified that
k* >k (6 <8y (3.20)
The latter condition is sufficient for the first inequality of (3, 18) to hold, and this
implies that (3,12) also holds, From (3.16) and (3,11) it follows that the second ine-

quality of (3,18) holds, provided that

vt (8) arccos (8yy (8)) = (APW? — 1) (k*)~ (3.21)
Since the functions
P ) 0<<é< 9y, arccosz (0<z< 1)

dvi(dy) =1, k* > 67

are convex, the inequality (3, 21) is automatically satisfied, provided that
0.5 miy, ™ (0) (1 — 88,7 > 8V AW? — 1 (3.22)

The latter expression yields the quantity § defined by (1.17) and this quantity repre~
sents the upper limit of the degree of stability of /N (p). Thus all the conditions of (3.2)
are satisfied, The first condition holds since it is equivalent to (8, 7) which follows from
(3.11),(3.12),(3.17) and (3, 18), the second condition applying by virtue of (3,11) and
the third condition following from (3,17) and (3.19),

Replacing the inequality (8, 9) by

n—1

7 1 q 1
b O< 35— <o A

=1
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yields a corollary to Theorem 1,2, In the above expression ¢ denotes the number of
zeros of L (p) lying on the straight line (1,11) and the sum is taken over all the remain-
ing zeros of L (p).

4, Estimation of maximum error in a linear system with lag,
Let us prove Theorem 1,3, We apply the Laplace transformation to Eq, (1.7), Taking
(1.1),(1.2),(1.6) and (1,15) into account gives

E@)=6¢@) ® (), GE)=LEN'(p), E@=e@) @@ =0
Since by Theorem 1,2 the degree of stability of N (p) exceeds 8, G (p) is a trans-

form and the growth index of its original g (¢} is smaller than § (see [10]). From the

convolution theorem (1. 11) it follows that
t

t
e =g@et—1)d7, enux®=m{|g(®|d )

0

Let us obtain an estimate for | € ()| using the inversion theorem and integrating along
the line p = — § + iw. Setting

G () = p"‘ +4(@), AP =—kN7(p)p?er (4.2)
we find that .
g () =1lim ( —G—@—fi— dp = —— hm S A(— 8 +in)eldo (4.3)

—8ic

since the integral of the first term of G (p) is equal to zero,
Let us estimate the second integral in (4, 3), We set

z=0% A3 =]4(=8+i0)], p@ = ql)t+oer (4.4)
Taking into account (3, 6), (3.13) we find
45 =@+ R@)™, R@=(22 1]+ L [ eost LI
Using (3. 11) and inequality (4.5)
. s — 2 — »
sin (VZ (1.‘121:))> 1,/1 “m—7Vz (0<Z<Z1<'ZT£':;);>

we obtain

cos?(u(z)/2) >2n7% (v, — 1)z (0<<z<C7) (4.6)

To find the lower limit for the first term of & (2) in (4. 5), we make use of the fact
that for any z > 0 ' n—1 '
L' @< L@ 5[+ 2 o o R AC TR

Since 1 < Ay << A,,taking into account (3,17) and (3,18) we find
1<Le<h 0<z<<z,<3), Ii(z,) = Ay (4.8)
From (4, 7), (4. 8) and the condition A > A, we have
I z) <1+ MCz 0<<s<<z)
=LA >E—MT—C(2)
0<z<z,= 1 — MY Cl<z< 1) (4.9)

Inequalities (4, 6) and (4, 9) hold on [0, z,] simultaneously, By (4. 5) and the condi-
tion A << A3 we have, on this interval,
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R(@E>1—2"—C2)? 4 811, —1)*2=R, (z) =

= (B — C2)* + Dz (4.10)
Let us denote by R,? the minimum of R, (z) for z >> 0. We can easily verify that
2BC 2B
Rp=B'(Dy= 2T 1), Rp =2 — Lo (D> 1),
R@)>L2Z SRy (m<z<a) (4.11)
hence
R (z) > R®* (ze (0, ) (4.12)

Let us now find the estimate for A(z). From (4.12), (3.17),(3.18) and the inequalities
k* > 62 AlAy < Ay
follows
A > Ry (82 4 2 (0 < 2 < 5y), A > (82 4 2)7a (1 + k*z)') >
X (W)t — 1)1 > (8% + 2)71 (8% + zy)r (1 + K*z)'" (A, W) 1 —1) 2
EZi=0ll<z=0%<< ) (4.13)

Replacing the integrand expression in (4, 3) by its modulus and using (4.13) we obtain
the upper limit for | g (¢) | , which on insertion into (4, 1) yields the estimates (1, 21)
and (1.22) for epax () and &w.
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